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The transformation of a nonlinear dynamical system into a standard form by using one of
its variables and its successive derivatives can be used to identify the relationships that
may exist between the parameters of the original system such as the subset of the param-

eter space over which the dynamics is left invariant. We show how the size of the attractor
or the time scale (the pseudo-period) can be varied without affecting the underlying
dynamics. This is demonstrated for the Rossler and the Lorenz systems. We also consider
the case when two Rossler systems are unidirectionally coupled and when a Lorenz system
is driven by a Réssler system. In both cases, the dynamics of the coupled system is affected.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Coupling dynamical systems is a very popular approach
for understanding how synchronization and control can
occur in the natural world. Network of coupled dynamical
systems are ubiquitous throughout nature including bio-
logical systems (see [1-4| and references therein). It is
therefore essential to better understand how coupled non-
linear systems interact, that is, drive each other, and how
such interactions affect the collective dynamics. This is
particularly relevant for complex networks when selecting
for the terms of greatest influence on the collective dynam-
ics and, consequently, which parameters most efficiently
affect the network dynamics. This is dual to the observabil-
ity problem of complex networks [5,6].

In the context of global modeling dynamical systems
can be rewritten in a “standard form” [7] (now also called
a jerk form [8-12]), that is, by using one of the variables of
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the original system and its Lie derivatives. When the
Ansatz library is used for rewriting a dynamical system
in a standard form [13,14], it is possible to identify sets
of parameter values or, equivalently, domains in the
parameter space, for which the dynamics is invariant; the
dynamics is thus left unchanged under a variation of well
chosen parameter values as shown for the Rossler system
when variable y and its successive Lie derivatives are used
[15] or for the Lorenz-like systems when variable x is used
[16].

In the present paper, our aim is to determine how many
independent parameters can be identified in the Rossler
and the Lorenz systems and how they can be affected by
the variable retained for the analysis. Moreover, in both
cases, we determine how it is possible to vary the
pseudo-period of the system by modifying a subset of the
system parameters, a consequence previously not consid-
ered [13].

We will then consider the case where two Réssler sys-
tems are coupled and the case where a Rossler system is
used for driving a Lorenz system without affecting the
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standard function when the driven system is still consid-
ered in a three-dimensional space. The number of indepen-
dent parameters of the resulting six-dimensional system is
investigated and it is shown how the algebraic structure of
the two systems can no longer be considered as
independent.

We show here the sets of connected parameters in the
Lorenz and the Rdssler systems, respectively. We also
investigate how connections are modified in the case of
two systems unidirectionally coupled. Only parameters
that are connected in the individual uncoupled systems
can be further connected in the coupled system.
Furthermore, parameters that are not connected within
the individual systems remain independent in the coupled
system.

The paper is organized as follows. Section 2 starts with
some background on the interplay between the original
system and its standard form. The numbers of independent
parameters in the Réssler and in the Lorenz systems are
then extensively investigated. Section 3 is devoted to the
determination of the parameter to adjust for varying the
pseudo-period of these two systems. The case of two cou-
pled Réssler systems is discussed in Section 4 and the case
of a Lorenz system driven by a Rossler system is discussed
in Section 5. Section 6 gives some conclusions.

2. Lorenz and Rossler systems
2.1. General background

Consider a three-dimensional dynamical system of
ordinary differential equations (ODEs) in the form

X :fx(xvyaz)

y=Ffxy,2) (1)
z :fz(xvyvz)

with

fiX.Y,2) = Qi + G 1X + Q;2Y + 032 + G 4X* + G;5XY + i 6XZ
+ ;7Y% + Qg7 + G927

where i € {x,y,z} and monomials are of a polynomial form
up to the second-order. It was shown in [7,13,14] that
when a small subset of coefficients g;; is nonzero, system
(1) can be transformed into a standard form whose struc-
ture is

X1 =X,
X = X3 (2)
X3 = Fs(X1,X2,X3)

where the first variable X; = h(x,y,z) = s is some function
of the state variables, h being the so-called measurement
function. The standard function F; has a multivariate poly-
nomial form depending on some parameters o. Map
@ :R3(x,y,z) — R}(Xq,X2,X3) between the original state
space and the differential embedding allows one to obtain
the standard form (2) from the original system (1). There is
an associated map ¢ : RP(a;;) — R%(o) that expresses

parameters oy's of the standard function Fs in terms of
parameters a;; from the original system.

Lainscsek [15,16] showed that there are algebraically
inequivalent dynamical systems in the form (1) which
can be transformed to the same standard form (2): it is
therefore possible to define a class of equivalent dynamical
systems in the sense that from the time series point of
view they have an identical variable. Moreover, there is a
subspace of the parameter space in which the dynamics
is unchanged: therefore, there exists an infinite number
of global models corresponding to a single time series.

Parameters involved in relationships defining parame-
ter subspaces in which dynamics remains unchanged are
said to be connected. This property is important for global
modeling techniques [17] since there is an infinite number
of dynamical systems of the form (1) that share the same
time series; the global model which can be obtained from
a given time series is thus not unique. Map ¢ further
reveals the connections between parameters from the orig-
inal form (1) and those from the standard form (2), and the
number of non-connected and independent parameters in
the original system. Since not all parameters of the original
system (1) are independent, it was shown [15] that its
pseudo-period can be varied by using specific relationships
between some of these parameters.

2.2. Lorenz equations

The Lorenz equations [18]

X=X +a12);
yL =01 X, +022Y; + 026X 21 (3)
2L =332, + A35X.Y;

can be transformed into a standard form (2) whose func-
tion F; is more or less complicated depending on the “mea-
sured” variable [7]. With the choice X; = h(x,y,z) = x, the
standard function

2

X
Fx,_ = X; + 052X? + 03Xy + OC4X%X2 + 05 )TZ—F tgZ
1

XX
+ o 52 (4)

is made of Ny =7 terms of which two are rational. The
standard function F,, has therefore two singular terms
(corresponding to parameters os and o7) in X; =0.
Parameters oy of this standard function are related to
parameters a;; of the Lorenz system (3) as follows

o = (G110 —A12021)033
O = —011026035
a3 = —(a11+0a22)033
by =|0a = (26035 (5)
s = —011 — 022
Og = a1+ 02+ 033
o7 = 1.

By introducing the scaling transformation [16]

a;j — Gy = ay (6)
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and leaving the values of coefficients o, unchanged, it was
shown that there is a class of Lorenz-like systems sharing
the same x;-time series which can be defined.

The simplest way to determine these scaling relations,
in particular, the set of exponents p(i,j), is to note that each
coefficient oy is a sum of products of powers of parameters
a;;. Taking the logarithms of these nonlinear product func-
tions, we can construct the appropriate coefficient matrix
and determine the null space.

The scaled version of the inverse transformation (5)
with ajj — /‘Li_ja,-_j is

01 = A11022033411422233 — Q1202103321 22421/33

Oy = —01,102603521,1426/35

03 = —01,103341,1433 — 22033422433

04 = Op6035126/35 (7)
o5 = —Q1 11,1 — (22422

O = Q11411 + 022722 + 033433

o7 = 1.

To leave o; unchanged in (5), the scale factors have to be
one (e.g. for o4 : 411422433 =1 and 4124214335 = 1). Taking
the logarithm leads to linear relations as, for instance,

log (/11_1) + log (/1212) + IOg ().3_3) =0 (8)
and
log(/12) +1og(/21) +log(433) = 0. 9)

The set of linear relations derived from the 12 terms of Eq.
(7) is summarized in the matrix formulation

1 001 010
0110010

1 0001 01 log(/ln)
1 00 0 0 1O0 log(/h.z)
000O1O0T1TTO0 log(/lz.1)
00 00 10 1 1o | =0 (10)
1 000 00O log(/lz.};)
000O1O0O0ODO0 log(/13.3)
1 000 0 0O 108(1375)
00 O0O1O0O0OTDO0 '
000O0OOT1TTPDO

00 O0OO0OOTDO

This 12 x 7 matrix has a two-dimensional null space
spanned by the null vectors (0,0,0,0,—1,0,1) and
(0,-1,1,0,0,0,0). This means that, among the seven
parameter q;; of the Lorenz system (3), there are two sets
of connected parameters made of (i) a;, and a,, and (ii)
a6 and ass. Consequently, until the products a;-as;
and a,¢ - a3 5 are constant while varying appropriately the
corresponding parameters, the standard function F,, is left
unchanged, resulting in an unchanged dynamics. In each
pair, one of these parameters can be set to 1, the others
being set to the value of their product. Consequently,
each set of connected parameters represents a single inde-
pendent parameter. Obviously, non-connected parameters
are independent parameters. In the case of the Lorenz sys-
tem (3), there are only five independent parameters, the

three non-connected ones plus one for each of the two
non-overlapping sets of connected parameters. In fact,
keeping constant the product a;,-a; Or d,s-dass does
not change the dynamics, that is, for instance, the popula-
tion of periodic orbits embedded within the attractor
remain the same; nevertheless, the amplitude of variable
oscillations or, equivalently, the size of the attractor, can
be changed. It is thus possible to rescale the size of the
attractor by varying these two products. This can be
expressed explicitly by rewriting the system (3) as

. 1
XL =011X + v a2y,

. 1 (11)
Y=V X, +A22); + ﬁ ay6XLZL

ZL = 03327 + Ua35XLY;

where p and v are the so-called scaling parameters. We did
not investigate the standard function induced by variable
y, or z; due to their complexity. Thus it is possible that
other connected parameters may exist in the Lorenz
system.

2.3. Rossler equations

Starting from variable y, as the measured variable, the
Réssler system [19]

Xg =Db12Yg + b1328
YR =b21Xg + D22y (12)
Zp = b3g + b332g + b3 s XpZg
can be rewritten into the standard form in the differential
embedding R3(X; =y, X2,X3). The corresponding stan-
dard function Fy, (X1,X2,X3) is explicitly
Fy, = o1 + X100 + X303 + Xa0t4 + X1 X205 + X500

+ X307 + X1 X308 + X2 X309 (13)

whose parameters oy are related to parameters b;; of the
Réssler system (12) by

o = bizbyibsg

o = —biaby b3,3

o3 = biybyabsg

o4 = bipbyi —baabss

b% 2 b3.6
05 = b - bl,z bse
by, = Z (14)

_ by b3

O = = by 1

o7 = byy+bs3
_ by b3

O = — by 4
_ b

Og = By -

Thus, the standard function has Ny = 9 nonzero parame-
ters oy. By using the scaling relations (6), the set of linear
relations after removing repeated entries is
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10 1 0000
00 0 1000

01 1 01 0 0] /log(hs)

00 0 00 1 0]]log(is)

10 1 00 1 0]/]log(a)

00 0 10 1 0[[loga)|=0 (15)
10 0 00 0 1]]log(se)

00 -1 00 0 1]]Ilog(ss)

10 0 10 0 1]\log(iss)

00 -1100 1

00 -12001

with the null vectors (-1,-1,1,0,0,0,1) and
(0,-1,0,0,1,0,0). This means, that there are two sets of
connected parameters: since parameter b;; belongs to
the two sets, the five connected parameters can be reduced
to a single independent parameter. Let bso = b. The two
remaining parameters that are non-connected, are b,
and bs3. Setting by, =a, and b33 = —c recovers the
Rossler system as originally proposed [19]. In fact,
Rossler only retained these three parameters because they
affected the dynamics most [20].

The Rdssler system (12) can thus be rewritten as
follows

. 1 11

Xg=—Dbi2Yr +——bi32

p px (16)
Yr = pba1Xr + ba2yg

Zr = Kbsg + b33zg + pbssXrzr

where p and x are the so-called scaling factors since they
may only affect the amplitude of the oscillations while
leaving the population of unstable periodic orbits embed-
ded within the attractor unchanged. They explain two
important features frequently observed in global modeling
[21]: (i) global models are not unique and (ii) a successful
global model can produce an attractor that is topologically
equivalent to the attractor underlying measured data but
of a different size, e.g. smaller or larger in size than the
original attractor.

In the case of the Rossler system, the standard function
F; can be easily computed when variable x; or z is “mea-
sured” [7]: it has some monomials oX}XTX% whose expo-
nents I,m and n may also be negative yielding rational
terms [7,14]. Note that, as pointed out in [14], the standard
function F,, induced by variable x; of the Réssler system is

not in a polynomial form involving terms X X7'X? but can
be brought into such a form by shifting variable xz accord-
ing to

(17)

Such a shift induces a rigid displacement of the attractor in
the state space R>(xg,yx,zz) but leaves it unchanged, that
is, the population of unstable periodic orbits embedded
within remains the same.

Applying the same procedure as used for determining
the null vectors among parameters, we obtain two such
vectors for each of these variables as reported in Table 1.

Table 1
Components of the null vectors for each of the three state variables xg, yg,
and z of the Réssler system, respectively.

Variable b1 bis ba1 bz bso bss bss
XR 0 -1 0 0 1 0 0
-1 0 1 0 0 0 0
Yr -1 -1 1 0 0 0 1
0 -1 0 0 1 0 0
Z 0 -1 o0 0 0 0 1
-1 0 1 0 0 0 0

These two null vectors are associated with the two subsets
of the relationships between parameters b;; already identi-
fied from those obtained using y; as the “measured” vari-
able. This means that all existing relationships between
parameters b;; of the Réssler system can be determined
from the sole yg-variable; in contrast only a subset of the
systems interconnections are obtained from the two other
variables.

We conjecture that there is a strong connection
between these features and the observability provided by
each of the variables of the Réssler system. Observability
is related to the ability provided by some measurements
to distinguish the different states of the system [22].
There is a full observability of the Rossler system when it
is investigated by measuring variable yp, meaning that
any state of the system can be distinguished from the sole
measurements of this variable. In other words, all the
information related to the dynamics of the Rdssler system
is contained in variable y;. This is not the case for the two
other variables for which there is a singular observability
manifold; that is, a domain of the original state space
R3 (g, Yz, Zr) Which cannot be observed by only measuring
Xg OT zg [23,24]. The lack of information contained in these
two variables also prevents us from identifying all possible
relationships between coefficients b;; solely from variables
Xg or zz. Consequently, since there is not a full observability
from variable x; of the Lorenz system [25], we cannot be
ensured to have determined all possible relationships
between parameters d;;.

From the null vectors listed in Table 1, it is possible to
extract the four different null vectors by introducing the
four scaling factors k, v, ¢ and p in system (12) as
Xg = % % biayr +%%% bi3zg
Yr=Vpby1xg 4+ ba2yy
Zr = Kb3p + b33zg + Vb3 s Xr 2.

(18)

Varying these factors does not affect the dynamics from
the unstable periodic orbits point of view: only the scale
of the attractor is affected.

3. Time scaling

As introduced in [15], it is possible to extend the list of
connections between parameters b;; by introducing the
time scaling transformation

t=Dt (19)



186 C. Lainscsek et al./ Chaos, Solitons & Fractals 76 (2015) 182-189

which affects the inverse transformation (14) as

o = D? bys b2,1 bso
Oy = -D? bi2b21bs3
03 = D? b1,2 b22 b3,6
0y = D? (b1.2 b1 —bay b3,3)

2 (b3, bs,

(p;/R _|as = D (%* b1, b3,6> (20)
o = -D bzl.72211)3.6
o7 = D(bya+bs3)
bys b
og = -D zgz 13.5
b

Oy = ﬁ .

Using scaling relations (6) with an additional scaling factor
D — 6D, the set of linear relations after removing repeated
entries is

00 -100010
000 10001]|,

00 0 00101 log()”)

00 11001 1]||08H)

10 1 00002 :Og()“)

000 10102 135823 —0 (1)
100 00012 :

00 12001 2|80

01 1 0100 3|08

101 0010 3] 8@

100 10013

with the null vectors N; =(2,3,0,1,0,1,0,-1), N, =
(-1,-1,1,0,0,0,1,0), and N3 =(0,-1,0,0,1,0,0,0).
Therefore Eq. (16) extends to

. o 1 11

Xg =0 0 biayg+ 9 oK bi3zg

. . (22)
YrR=pba1Xr+ db22 Yy

Zr = Kb3g+ 0b332g + pbssXpzg

where the additional parameter ¢ is a time scaling factor of
the dynamics: this means that the pseudo-period of oscil-
lations (revolutions in the attractor) is varied without any
change in the population of unstable periodic orbits
embedded within the attractor.

Eq. (22) can be rewritten in a different form by changing
the null vector Ny — N; + 2N, + N3 = (0,0,2,1,1,1,2,-1):

. 1 11
Xp = ; biayg + EE by3zg

Y& = 02pby1Xg + dbya Yy (23)

Zr = OVKbg‘o +0bsszg + (32 pbg,sszR

To be more explicit, Eq. (22) can be rewritten in the form
(23) as follows: parameters by, b13,b,1, and bss are con-
nected by the scaling factor p. Therefore, we can apply
the transformation p — p & (N; +2N,)

52 % b]_2 land % b1.2

63%1%171'3 [and 5%%1}13 (24)
psz — 52 prJ

pbg_ﬁ [and 52 pb3.6

and leaving the dynamics unchanged. In a similar way,
parameters by 3 and b3, being connected, the transforma-
tion K — K6 (N7 + N3)

5%%b1.3 > %%bls (25)
Kbsg — 5Kb3,0

also leaves the dynamics unchanged. The Rdssler system
can thus be rewritten as Eq. (23). Consequently, the time
can be rescaled in the Réssler system only by varying five
parameters (by1,b22,b30,b33 and bsg) in the appropriate
way: note that the first equation is left unchanged.
Applying such a time scaling to the Lorenz system does
not leave any of the three equations unchanged. Indeed,
the Lorenz system rewritten with the time scaling factor is

. 1
X = 501,1 X+ (32 ; a2y

. . 5 1
YL=Vau1 X, +3a2y, + bR ﬁaz.GXLZL (26)

2, =0033Z + Uazs XYy,

meaning that the time scaling factor § appears in the three
equations and that there is no connected parameter which
would allow to remove factor ¢ in one of them.

4. Coupled Rossler systems

A general original system obtained from the Ansatz
Library [13,14] provides the same three standard functions
as the Rossler system (12):

Xg =b12Yg + b13Zr + b1o + b1 1 Xz
YR =Db21Xg + b22Yg + b2o (27)
Zp =bso+ bszzg + bseXrzg + b3 1% + b3,2yR~

This has five additional terms (in bold) compared to the
original Rossler system. Our purpose is now to unidirec-
tionally couple two Rossler systems: in order to do this,
we choose one of the five additional terms (one of those
in bold in Eq. (27)). Since the quality of the coupling
depends on the quality of the information transmitted by
the variable used for the coupling [26], we choose to use
information carried by variable y, which provides a full
observability of the Réssler dynamics [23,25]. The single
possibility not affecting the algebraic structure of the stan-
dard function is therefore to use term bs, Y, in the third
equation of general system (27); the connection between
the parameters in each Rossler system are thus as dis-
cussed in the previous section.
The two coupled Rossler systems are:
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Xg, = Ci12Yg, + C132g,

VR, = C21Xg, + C22 YR,

Zr, = C30 + C33Zr, + C39XR, Zk, + C¥p,
Xg, = Ca5YR, T CapZr,

VR, = C54Xg, + C55YR,

Zr, = Cg0 + C6.6Zr, + C624XR, ZR, -

(28)

Starting from variable X; = yy, this six-dimensional system
can be rewritten in the standard form

Xi =X,
X3 =X3
):(3 =X (29)
Xo=Xs
X5 = Xe

Xo = Fx, (X1,X2,X3,X4,Xs5,Xs)

where FyR] is a polynomial function depending on the six
successive Lie derivatives of yg, the first one being the
variable xg itself. This function has 107 terms
wXIX2X3XiXEXE, where L+ L+l 41 +1s+1s <4
There is no rational term in this standard function.

Applying the scaling transformation (6) to parameters
cij, we found from the null vectors (not reported) that
there are four non-connected parameters (cz»,C33,Css
and cgg), all the others being connected: Therefore this
six-dimensional system has only five independent param-
eters. The six-dimensional system (29) can be rewritten
with scaling factors as

. 1 111

Xg, = 5 C12Yg, +E ﬁ ;nCIBZRl

VR, = PCaiXp, +

. 1

ZRr = HVC30 + + PC39Xp, Zg, + VCY, (30)

. 1 11
Xg, = ﬁ Cas5Yr, + e C462R,

Vr, = [C54 X, +
iR2 =KCspo + + T Ce24 XR, ZR,

where boxed terms correspond to non-connected
parameters. These four non-connected parameters are
exactly those that were non-connected in the
autonomous Roéssler systems (12). All the others are
connected. We checked that the change of coordinates
(I)yR1 : RG(XRl;leasz,XRz-,sz-,ZRz) — (X1,X2,X3,X4,X5,X6) is
a global diffeormorphism by computing the determinant
of its jacobian matrix 7o = —C> [22] which consequently
never vanishes. @, therefore defines a global diffeormor-
phism, such that y; provides a full observability of the
six-dimensional system (28). According to our conjecture,
all relationships between parameters are thus obtained by
investigating this single case.

The fact that the five independent parameters are
related to the coupling factor C between the two Rossler
systems clearly shows that the resulting dynamics directly

depends on this coupling factor. Thus, while investigating
this six-dimensional system, the dynamics of each of the
two Rossler systems is chosen by the pairs (c;5;¢33) and
(cs5; €66), respectively. The dynamics produced by the cou-
pled systems is said to be tuned by parameter C.

The time scaling factors §; and é, can be used to inves-
tigate mismatches between the pseudo-periods of these
two Rossler systems. Introducing the scaling relations (6)
with these two additional time scaling factors for the first
and the second Rossler systems as in Eq. (32) yields

. 11 11111
Xg, =aEC1.2yR1 +g£;ﬁ;ncl,32m

. 1
YR, = PC2a1XR, + 5 C22 Yk,
1

. 1.1 1
Zg, = 02 — [VC30+ = C33Zg, + PC39Xr, Z, + VC¥y,
01 T 01

. 11
Xg, =7 — Casp, +

X — C462R
62U :

BmK

. 1
YR, = UC54XR, + g C55YR,

. 1
Zr, = KCeo + 5 C662ZR, T TC624XR, ZR, -
(31

These time scaling factors now connect all parameters of
the coupled system. There are no longer non-connected
parameters. The dynamics of the six-dimensional system
(28) will be left unchanged under a time rescaling until
1 = &,. Contrary to this, when §; # é,, the resulting
dynamics will be changed under time rescaling. Thus, of
one of the Réssler systems while holding the other sys-
tem’s pseudo-period constant necessarily affects the
resulting dynamics by introducing some bifurcations on
the population of unstable periodic orbits embedded
within the attractor produced by the six-dimensional
system.

5. Coupled Lorenz and Rossler system

We now consider the case where a Lorenz system (3) is
coupled with a Rdssler system (12). As shown in [16], an
additional constant term in the third equation of the
Lorenz system does not add any term in the standard func-
tion F,, and, consequently, leaves the resulting dynamics
unchanged. This additional parameter is connected with
parameter a,; = R. The simplest way to unidirectionally
couple a Lorenz system with a Rossler system is thus to
link them with the variable y, — the single variable among
the six possible ones providing a full observability —
injected into the third equation of the Lorenz system which
becomes a six-dimensional system

XL =a11X + d12Y;
Vi=01X + 02y, + Uo6XL 21
Z1 =337+ a35X.Y;, + Cyp
Xg =b12Yr +b132k

YR =Db21Xg + b22Ypg

Zr = bsg + b332g + b3 6 Xg 2Z8.

(32)
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It is possible to rewrite this in a standard form (29) using
X; = x;. The standard function has in this case 131 terms
among which some terms are rational, such as o3, X;’l‘s.

Applying the scaling relations (6), we found that the
three non-connected parameters of the Lorenz system
(a1,a2 and as3) and the two non-connected parameters
of the Rossler system (b, and bs3) remain non-connected
in the six-dimensional system (32). Using scaling factors,
system (32) can be rewritten as

. 11
XL:+pVﬁEal.2yL

. 11 1
=UT——0y1X +][a —G26X.Z
yi=u v 2 L++v 26X121

2, =[A332]+ vassx.y; + TCyg (33)
i =L biayet 1 ibsz
R 'u 12JR pK 13 4R

YR = ptba 1 xp +
2R = Kbg,o ++ pb3'5XRZR

where non-connected parameters are boxed. All the other
parameters are connected within each of the two sub-sys-
tems or with parameters of the other sub-system: conse-
quently, some parameters of the Lorenz system are
connected to some parameters of the Rossler system, and
vice versa. There are only two scaling factors (p and p) con-
necting both systems. It is possible to relate any connected
parameters to all the other connected ones using these two
scaling factors. There is therefore a single independent
parameter for the whole set of connected parameters.
Parameter C naturally serves as the sixth independent
parameter, the five other being the non-connected param-
eters. As in the preceding case where two Rossler systems
were coupled, the dynamics of each subsystem can be cho-
sen using the corresponding non-connected parameters
and the effect of the coupling then investigated using
parameter C.

Note that we cannot guarantee that all relationships
between parameters of system (32) have been identified
since variable x; does not provide full observability since
the determinant of the jacobian matrix of the change of
coordinates
q)XL : RG(XL,_VL,ZL,meR,ZR) — RG(X1,X27X3./X4,X5,X6) has
an order-7 singular observability manifold. Nonetheless,
driving the Lorenz system by the Rossler system induces
a reduction of the number of independent parameters,
since five were found in the autonomous Lorenz system
(see Eq. (3) and the corresponding main text) but only
three independent parameters were found in the Lorenz
sub-system of the six-dimensional system (33): the two
non-overlapping sets of connected parameters found in
the Lorenz system (3), thus leading to two independent
parameters, are now related to the whole set of connected
parameters. Parameters of the two sub-systems are now
interrelated through the coupling parameter C: the two
systems are no longer independent.

Introducing the scaling relation (6) with two time
scaling factors §; and &y for the Lorenz and the Rossler
sub-systems of Eq. (32), the coupled system is:

XL =0,a11X + 9 vlla
L =01011XL R P K 12)1

. 1, 11 . o1
=— 0 UT——ay 1 X, + 5.0 0 — apXLZ
YL or LU 0V 21X+ 0L022Y) + Ly 26Xzl

iL = 5L a332Z; +VassX Yy, + 7'CCyR (34)
. o1 311
Xg = b;zq ﬁ biayr + 5; 0K biszg

Yr = Uba1Xg + Orba2 Yy
iR = Kb3_o + Or b3»3 ZR + pb3'5 XRZR.

The time scaling factor Jz of the Rossler system is coupled
with the common bifurcation parameter a,; = R of the
Lorenz sub-system and can therefore affect the dynamics.
Again, varying the pseudo-period of the driving system
(here the Réssler system) affects the resulting dynamics.

6. Conclusion

We have determined independent parameters of a
dynamical system by investigating the relationships
between the parameters of a given system and its corre-
sponding standard forms expressed in terms of one “mea-
sured” state variable and its successive Lie derivatives.
Some of them correspond to non-connected parameters
— individually affecting the dynamics — and some others
to the sets of connected parameters, each non overlapping
set associated with one independent parameter which can
be chosen in various ways.

There is a limited number of parameters to vary to
modify the dynamics of a given system (five for the
Lorenz system and three for the Rossler system). It is also
possible to change the time scale — or the pseudo-period
of the system — by modifying a limited set of parameters
without acting directly on the time. The map between
parameters of the original system and those of its standard
form allows us to determine those parameters.

The relationships between the original system and its
various standard forms — depending on the “measured”
state variable — can be exploited to design networks in
which systems are coupled in a way such that the coupled
system is characterized by a standard function with the
same algebraic structure as the autonomous system; con-
sequently, the resulting dynamics necessarily corresponds
to the dynamics observed in the original autonomous sys-
tem, but with a displacement in the parameter space. By
using the time scaling factor, we also showed that varying
the pseudo-period of the driving system is similar to vary-
ing a bifurcation parameter.

We were surprised to discover that in driving a Lorenz
system with a Rossler system, modifying one parameter
of the driving system — and therefore its dynamics — can
be counter-balanced by modifying one of the parameters
related to the modified one. Knowing the connection
between parameters of the two sub-system could be quite
useful for designing a control technique for a driven sys-
tem to react to some fluctuations observed in the driving
system.

Such a coupling is important when considering the
interactions between real-world non-linear systems. For
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example, in systems biology and neuroscience coupled
non-linear dynamical systems are omnipresent and are
thus important at all levels of interaction. In these systems,
any sort of temporal variance or change in interstimulus
interval could dramatically change the dynamics of the
coupled systems. Thus, this finding has profound implica-
tions for controlling abnormal neurological oscillations in
pathological states.

Acknowledgments

This work was supported by the Howard Hughes
Medical Institute, the Crick-Jacobs Center for Theoretical
and Computational Biology, the U.S. Office of Naval
Research under Grants N0O0014-10-1-0072 and N00014-
12-1-0299, and the NIH grant RO1-EB009282.

References

[1] Kocarev L, Parlitz U. Phys Rev Lett 1996;76:1816. <http://link.aps.
org/doi/10.1103/PhysRevLett.76.1816>.

[2] Janjarasjitt S, Loparo K. Physica D 2008;237:2482. ISSN 0167-2789,
<http://www.sciencedirect.com/science/article/pii/
S0167278908000882>.

[3] Friston KJ. The Neuroscientist 2001;7:406.

[4] Liu ], Dietz T, Carpenter SR, Alberti M, Folke C, Moran E, Pell AN,
Deadman P, Kratz T, Lubchenco ], et al. Science 2007;317:1513.

Available from: <http://www.sciencemag.org/content/317/5844/
1513.full.pdf>.

[5] Liu Y-Y, Slotine J-], Barabasi A-L. In: Proceedings of the New-York
Academy of Science (2013), vol. 110 (7), pp. 2460-2465.

[6] Yang Y, Wang ], Motter AE. Phys Rev Lett 2012;109:258701.

[7] Gouesbet G, Letellier C. Phys Rev E 1994;49:4955.

[8] Schot SH. Am ] Phys 1978;46:1090.

[9] Sandin TR. Phys Teach 1990;20:36.

[10] Sprott JC. Am. ] Phys 1997;65(6).

[11] Gottlieb HPW. Am ] Phys 1996;64:525.

[12] M.-A. Boiron, ].-M. Malasoma. In: Proceedings of the 5th Colloque on
Temporal Chaos and Spatiotemporal Chaos (2005).

[13] Lainscsek C, Letellier C, Schiirrer F. Phys Rev E 2001;64:016206.

[14] Lainscsek C, Letellier C, Gorodnitsky 1. Phys Lett A 2003;314:409.

[15] Lainscsek C. Phys Rev E 2011;84:046205.

[16] Lainscsek C. Chaos 2012;22:013126.

[17] Aguirre L, Letellier C. Math Prob Eng 2009;2009:238960.

[18] Lorenz EN. J Atmos Sci 1963;20:130.

[19] Réssler OE. Phys Lett A 1976;57:397.

[20] Personal communication, 2014.

[21] Letellier C, Aguirre LA, Freitas US. Chaos Interdiscip ] Nonlinear Sci
2009;19:023103. <http://scitation.aip.org/content/aip/journal/
chaos/19/2/10.1063/1.3125705>.

[22] Letellier C, Aguirre LA, Maquet ]. Phys Rev E 2005;71:066213.
<http://link.aps.org/doi/10.1103/PhysRevE.71.066213>.

[23] Letellier C, Maquet J, Le Sceller L, Gouesbet G, Aguirre L. ] Phys A
1998;31:7913.

[24] Frunzete M, Barbot ]-P, Letellier C. Phys Rev E 2012;86:026205.
<http://link.aps.org/doi/10.1103/PhysRevE.86.026205>.

[25] Letellier C, Aguirre L. Chaos 2002;12:549.

[26] Letellier C, Aguirre LA. Phys Rev E 2010;82:016204. http://link.aps.
org/doi/10.1103/PhysRevE.82.016204.


http://link.aps.org/doi/10.1103/PhysRevLett.76.1816
http://link.aps.org/doi/10.1103/PhysRevLett.76.1816
http://www.sciencedirect.com/science/article/pii/S0167278908000882
http://www.sciencedirect.com/science/article/pii/S0167278908000882
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0015
http://www.sciencemag.org/content/317/5844/1513.full.pdf
http://www.sciencemag.org/content/317/5844/1513.full.pdf
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0030
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0035
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0040
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0045
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0050
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0055
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0065
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0070
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0075
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0080
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0085
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0090
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0095
http://scitation.aip.org/content/aip/journal/chaos/19/2/10.1063/1.3125705
http://scitation.aip.org/content/aip/journal/chaos/19/2/10.1063/1.3125705
http://link.aps.org/doi/10.1103/PhysRevE.71.066213
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0115
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0115
http://link.aps.org/doi/10.1103/PhysRevE.86.026205
http://refhub.elsevier.com/S0960-0779(15)00111-3/h0125
http://link.aps.org/doi/10.1103/PhysRevE.82.016204
http://link.aps.org/doi/10.1103/PhysRevE.82.016204

	Discovering independent parameters in complex dynamical systems
	1 Introduction
	2 Lorenz and Rössler systems
	2.1 General background
	2.2 Lorenz equations
	2.3 Rössler equations

	3 Time scaling
	4 Coupled Rössler systems
	5 Coupled Lorenz and Rössler system
	6 Conclusion
	Acknowledgments
	References


